ABSTRACT An ambiguity-free direction of arrival (DOA) estimation method is presented for unfolded coprime linear array (UCLA) in this paper to resolve noncircular signals. Unlike the existing methods which process the two subarrays of coprime linear array separately, we stack the received signals of the two subarrays and derive the total subspace to produce the MUSIC spectrum. Specifically, we demonstrate that the ambiguity problem can be suppressed owing to the coprime property and the true DOA estimates can be obtained immediately. As the self-information and mutual information are jointly employed, the proposed method can achieve the full degrees of freedom (DOFs) and improved DOA estimation performance. Meanwhile, the extended aperture of UCLA can be feasibly exploited, which endows the proposed method with an enhanced identifiability. In addition, the non-circularity is utilized to double the available DOF and further improve the estimation accuracy of the proposed method. Simulation results verify the effectiveness and superiority of the proposed method.
I. INTRODUCTION
Direction-of-arrival (DOA) estimation plays an important part in the field of array signal processing, and is widely applied to radar, sonar, audio signal processing systems, modern wireless communications and medical imaging applications [1] - [4] . DOA estimation algorithms and the design of array structure have been extensively studied in the past several decades. This paper presents the reduceddimensional MUSIC (RD-MUSIC) algorithm for DOA estimation of non-circular signals with an unfolded coprime linear array (UCLA).
The UCLA stems from the coprime linear array (CLA), which is composed of two independent subarrays with coprime number of sensors. The coprime array makes it possible to sample the spatial signals in a sparse way, and consequently various useful properties can be obtained. Recently, DOA estimation for multiple sources with a coprime array has been extensively studied [5] - [11] . In [7] , the CLA was decomposed into two independent uniform linear subarrays, and the Capon method is used for each subarrays. Due to the large inter-element spacing, there are ambiguous peaks. The true DOAs will then be obtained by combining the results of the two subarrays according to the coprimeness. Wu et al. [8] proposed a two-dimensional (2D) DOA estimation algorithm with coprime plane array, and proposed a spatial spectral search technique based on the relationship between the true DOAs and the ambiguous DOAs, which avoids global peak search and greatly reduce the computational complexity. Li et al. [9] proposed an algorithm based on the real-valued cross correlation matrix with coprime array, which further reduces the complexity of the work in [8] and increases the degree of freedom two subarrays are arranged in opposite directions. That UCLA extends the array aperture and has no loss of DOF, which can greatly improve the DOA estimation performance. In a conventional CLA, the DOF is min(M − 1, N − 1), determined by the subarray with fewer sensors. In the UCLA, the DOF can be up to M + N − 1. However, recent works are mainly based on the condition of circular signals while noncircular signals are ignored.
In fact, noncircular signals, e.g., binary phase shift keying (BPSK) and offset quadrature phase shift keying (OQPSK), are frequently adopted in communication systems. By utilizing the noncircularity of the signals to expand the virtual array aperture, the DOA estimation accuracy can be improved [12] - [17] . Many DOA estimation algorithms for noncircular signals have been proposed in [14] - [22] . A noncircular MUSIC (NC-MUSIC) algorithm for DOA estimation was proposed in [14] . In order to reduce computational complexity, a NC-Root-MUSIC was presented in [15] . Reference [16] presented a noncircular sources localization method with ESPRIT, and realvalued implementations of 1-D and 2-D unitary ESPRIT for noncircular sources was presented in [17] . A noncircular propagator method (NC-PM) for DOA estimation of noncircular signals was proposed in [19] , which has better angle estimation performance than PM [23] . However, these algorithms are all based on conventional arrays, and there are few studies on DOA estimation of noncircular signals with coprime arrays. In [20] , we exploited the noncircular property into a CLA, and improved the DOF to min(2(M − 1), 2(N − 1)). However, the DOF of the array is still diminished since the array is still decomposed into two independent subarrays. This paper considers a new scenario where noncircular signals impinging on a UCLA. By unfolding the coprime subarrays in two opposite directions and exploiting the noncircularity of the signals, the advantages of UCLA and the advantages of noncircular signals can both be achieved and can be further improved, i.e., we can obtain a larger array aperture, better DOA estimation performance and increased DOF. Moreover, the ambiguity problem can be avoided and the true DOA estimates can be obtained directly.
Our main contributions are listed as follows. 1) We consider noncircular signals impinging on a UCLA and investigate the problem of DOA estimation in this new scenario. 2) We proved that the DOA estimation of noncircular signals with UCLA is unique based on the coprime property.
3) The proposed RD-MUSIC algorithm requires 1D spectral search only and can work well without estimating the noncircular phases. The remainder of this paper is structured as follows. Section II introduces the data model. RD-MUSIC method is proposed in section III. Section IV provides detailed analysis on the DOF, computational complexity, and the Cramer-Rao bound (CRB). In section V, we provide simulation results to illustrate the effectiveness and improvement of the proposed algorithm, the conclusions are shown in section VI.
Notations: Lowercase (capital) bold symbols denote vector (matrix). (·) * , (·) T denote complex conjugation and transpose, while (·) H , (·) −1 and ⊥ denote conjugatetranspose, inverse, orthogonal complement of a projector matrix, respectively. diag {v} stands for a diagonal matrix whose diagonal is a vector v. E {·} presents the statistical expectation. min (·) is to get minimum element of an array. I M stands for an M × M identity matrix and 0 M ×N is a zero matrix with M ×N . angle(·) means to get the phase. ⊕ denotes the Hadamard product.
Remark 1: There are some distinctions between the proposed algorithm and Li's algorithm in [11] . Firstly, [11] makes investigations on the quasi-stationary signals while the proposed algorithm takes the noncircular signals into account. Secondly, the way we deal with the receiving data is different. Reference [11] only utilizes the cross covariance matrix of the received signals, where the self-information is ignored. On the contrary, we jointly employ the selfinformation and mutual information to obtain more accurate DOA estimates and tackle the ambiguity problem.
Remark 2: In [26] , reduced-dimensional MUSIC (RD-MUSIC) was proposed for two-dimensional (2-D) angle estimation in a bistatic multi-input multi-output radar. There are some differences between the proposed algorithm and the RD-MUSIC algorithm. Firstly, the RD-MUSIC algorithm proposed in [26] works for 2-D angle estimation in a bistatic MIMO radar while the proposed algorithm investigates the one-dimensional (1-D) DOA estimation issue of noncircular signals. Secondly, the RD-MUSIC is used in [26] for uniform arrays with inter-element spacing half wavelength while the proposed algorithm extends the idea of reduced dimension to UCLA which is a sparse array and non-uniform. Thirdly, the RD-MUSIC is presented in [26] to achieve the autopaired DOD and DOA estimates while the proposed algorithm is used to discard the noncircular phase and obtains the DOA estimates immediately. The proposed algorithm can be regarded as not only an extension of RD-MUSIC but also a derived form of RD-MUSIC which is suit for noncircular signals impinging on a UCLA. In order to obtain a larger aperture, we arrange the two subarrays along two opposite directions (see Fig.2 ), which VOLUME 6, 2018 FIGURE 2. Array geometry of the unfolded CLA is denoted as UCLA with a much larger array aperture of
Assume that there are
Suppose that the source number is known, or can be obtained by the method in [24] . As the UCLA can be decomposed into two uniform linear subarrays as shown in Fig. l , the steering vector corresponding to the k-th source for subarray 1, and subarray 2 can be expressed by vector
(1)
The received signal can be represented as [16] - [20] 
where
are the steering matrices of subarray 1, and subarray 2, respectively. s (t) ∈ C K ×1 is the signal vector. n 1 (t) ∈ C M ×1 and n 2 (t) ∈ C N ×1 denotes the additive white Gaussian noise with zero mean and variance σ 2 , and L is the number of snapshots. The two subarrays are regarded as isolated arrays in [5] - [9] , which leads to a great loss of DOF, and ambiguity problem will occur due to larger adjacent spacing than one half-wavelength, which can be fortunately eliminated by finding the nearest spectral peaks from MUSIC. In this paper, we propose an ambiguity-free DOA estimation method for the unfolded CLAs which can be also applied to the conventional CLAs.
Stack the received signals of the two subarrays as [10] and [11] x(t) = x 1 (t)
As [17] - [22] , we consider the strictly second-order noncircular signals of maximum noncircular rate in this paper.
The noncircular signal can be expressed as
where s 0 (t) ∈ R K ×1 , = diag{e −jϕ 1 , e −jϕ 2 , · · · , e −jϕ K } and ϕ k is the noncircular phase of the k-th signal. Then we can reconstruct (5) as
III. DOA ESTIMATION ALGORITHM FOR NONCIRCULAR SIGNALS
In this section, we present the MUSIC-based algorithm for DOA estimation of noncircular signals with UCLA. First, we will present a two-dimensional MUSIC (2D-MUSIC) algorithm, and derive the reduced dimensional MUSIC (RD-MUSIC) algorithm.
A. 2D-MUSIC ALGORITHM FOR NONCIRCULAR SIGNALS
By utilizing the conjugate part of the original output, the extended output can be represented as [17] - [22] 
denotes the extended directional matrix, (·) * denotes complex conjugation of a matrix, and
The covariance matrix of (8) can be expressed as
where (·) H denotes conjugate-transpose of a matrix. By performing eigenvalue decomposition on R as [14] , we can obtain
where E s is the signal subspace matrix, s is the corresponding eigenvalue matrix and E n is the noise subspace matrix. In practice, the covariance matrix R can be estimated with finite number of snapshots viâ
According to the orthogonality between noise and signal subspaces, the 2D-MUSIC spatial power spectrum can be represented by [13] and [26] 
29384 VOLUME 6, 2018 where b(θ,ϕ) = (e −jϕ , e −jπN sin θ −jϕ , · · · ,e −jπ (M −1)N sin θ−jϕ , e jπ(N −1)M sin θ+jϕ , e jπ(N −2)M sin θ+jϕ , · · · , e jϕ ) T andÊ n is the estimate of E n , which can be obtained fromR. However, the 2D-MUSIC algorithm requires an exhaustive 2D spectral peak search, which is computationally inefficient. To relieve the computational burden, we present a RD-MUSIC algorithm, which involves only 1D spectral peak search owing to the reduced-dimensional transformation.
B. RD-MUSIC ALGORITHM FOR NONCIRCULAR SIGNALS
Reconstruct (10) as
is a matrix with all zeros, and
where e 0 (ϕ) = e −jϕ , e jϕ T . Define
According to (15) and (17), it follows that
Equation (18) can be denoted by
Define q (ϕ) = e 0 (ϕ) e jϕ = 1, e j2ϕ T , and
As (20) is a quadratic optimization, e H 1 q (ϕ) =1 is utilized to eliminate the trivial solution q (ϕ) = 0 2×1 , where
T . Then the optimization problem in (20) can be reconstructed as follows [13] min
Construct the following cost function as [26] 
where ρ is a constant. Set the derivation of (22) 
Then we obtain
As e H 1 q (ϕ) =1and ρ = −2/e H 1 Q −1 (θ ) e 1 , we have
From (24) and (25), we havê
RD-MUSIC spectrum function can be constructed as [26] P RD_MUSIC (θ ) = e
Furthermore, the angles θ k (k = 1, 2, · · · , K ) can be obtained through (27) .
The proposed method only requires one dimensional spectral peak search, which can decrease computational complexity of 2D-MUSIC greatly and it works well without estimating noncircular phase. Specifically, there is no ambiguous angles, which will be discussed in the next section.
Remark 3: In fact, some initial operations can be exploited to further reduce the complexity. Such as, using lowcomplexity ESPRIT algorithm to calculate the approximate range of DOAs, and then, perform 1D spectral peak search to obtain the estimates.
C. AMBIGUITY PROBLEM
In a conventional CLA, the ambiguity problem emerges since the spacing between two adjacent sensors of each subarray is much larger than half wavelength. In the UCLA, there exist no ambiguous angles, it can be proved by the following lemma based on [8, Th. 1].
Lemma 1: Suppose θ k is the actual DOA of the noncircular signal, there uniquely exits one estimate θ k presenting a spectral peak in RD-MUSIC spectrum and θ k is the estimation of the actual DOA θ k .
Proof: Suppose there exists ambiguity of the DOA and noncircular phase. The true DOA θ k and true noncircular phase ϕ k share the same steering vector with the ambiguous DOA θ a k and the ambiguous noncircular phase ϕ a k , i.e.,
According to (10), we have
. . .
As ϕ k , ϕ a k ∈ (−π, π), we have ϕ k = ϕ a k , which means that the noncircular phase has no phase ambiguity problem and we obtain
where 
D. DETAILED STEPS OF RD-MUSIC ALGORITHM FOR UCLA
The main steps of the proposed algorithm are summarized as follows:
Step 1. Construct the extended data model y (t) from the array output via (8).
Step 2. Compute the covariance matrixR via (13).
Step 3. Perform eigenvalue decomposition (EVD) on the covariance matrixR to obtain the noise subspace matrixÊ n . Step 4. Construct the RD-MUSIC spectrum functions as P RD_MUSIC (θ ) according to (27) .
Step 5. Perform 1D spectral search as (27) , and get DOA estimations.
IV. PERFORMANCE ANALYSIS
In this section, we first discuss the improved DOF of array aperture. Then we calculate the computational complexity of the proposed algorithm. Specifically, we derive the Cramér-Rao bound (CRB) of DOA estimation for noncircular signals of UCLA.
A. DOF
In a conventional CLA, the two subarrays are arranged in the same direction and the corresponding array outputs are used separately, which results in the loss of DOF greatly. The DOF of the conventional CLA with circular signals is [7] and [8] 
In this paper, we improve the design of the structure of conventional CLA, the DOF of a UCLA for circular signals can be increased to
Furthermore, by exploiting the noncircular property of signals, we can increase the DOF to
Thus, the proposed algorithm can estimate two times the number of sources than conventional circular based algorithms with the same array geometry. From (32)- (35) Table 1 presents the total computational complexity of the 2D-MUSIC algorithm in [14] , RD-MUSIC algorithm and C-MUSIC (MUSIC for circular signals) in [7] . Fig.3 presents the computational complexity versus the number of antennas with K =4, L=200, the searching step is set as 0.01 • . Compared with the 2D-MUSIC algorithm, the proposed RD-MUSIC algorithm just needs a 1D spectral peak search, therefore it can achieve a great reduction of complexity. However, it needs more complex multiplication operations than C-MUSIC due to the expanding of the array output.
C. CRAMER-RAO BOUND
According to [21] , [22] and [27] , [28] , we can derive the CRB matrix of noncircular signals for UCLA as [30] 
where σ 2 is noise
Re{·} is the real part of a matrix and ⊕ denotes the Hadamard product.
In the case of circular signals, the CRB can be expressed as [27] and [30] 
where [21] and [27] we have
V. SIMULATION RESULTS
This section uses Monte Carlo simulations to assess the DOA estimation performance of the proposed method. The root mean square error (RMSE) can be expressed as
where θ k is the actual angle of the k-th signal, andθ k,g is the estimate angle of θ k in the n-th Monte Carlo trial where g = 1, 2, · · · , G. All the numerical results were obtained with G = 300 independent trials. . It is shown clearly in Fig. 6 that the proposed RD-MUSIC for noncircular sources has better DOA estimation performance than that of the conventional MUSIC [7] for circular sources due to the noncircular property.
C. USING UNFOLDED CLA TO ENHANCE PERFORMANCE
In Fig. 7 , we assume that there are K = 7 noncircular signals impinging on a ULA and UCLA with angles uniformly VOLUME 6, 2018 Fig. 8 that the RMSE of RD-MUSIC for UCLA is lower as compared with the C-MUSIC for UCLA due to the obtained large DOF, which verifies the performance analysis of Section IV.
D. COMPARISON OF RMSE PERFORMANCE VERSUS DIFFERENT PARAMETERS
In this simulation, we study the RMSE performance of the proposed method with different number of sensors. It depicts From Fig. 10 , it is indicated that the proposed RD-MUSIC algorithm has better DOA estimation performance than conventional C-MUISC, and the DOA estimation performance becomes better with the number of snapshots increasing.
E. COMPARISON OF PROBABILITIES OF RESOLUTION
To further analyze the performance of the proposed algorithm with that of the standard MUSIC in such scenario, we compare the probabilities of resolution as shown in Fig. 11 and Fig. 12 . The two sources are recognized to be successfully resolved if and only if [29] 
where f (.) stands for the spectral value. It can be concluded from Figs.11-12 that the proposed algorithm has an improved resolution probability for two closely-spaced sources as compared with the C-MUSIC for circular signals.
VI. CONCLUSIONS
In this paper, we investigate the DOA estimation of noncircular signals with the UCLA, and exploit RD-MUSIC algorithm to solve this problem. Unlike the conventional CLA, we arrange the two subarrays in the opposite directions and stack the outputs of the two subarrays. As a result, the true DOAs can be obtained directly without ambiguity problem due to the coprimeness of the two subarrays. Compared with conventional MUSIC for circular signals, the proposed RD-MUSIC algorithm for UCLA has better DOA estimation performance. The array aperture can be enlarged, and the degree of freedom (DOF) can be enhanced by unfolding the coprime array and further exploiting the noncircularity of the signals. Moreover, the proposed algorithm works well without estimating the noncircular phases. Numerical simulation results verify the effectiveness and improvement of the proposed algorithm. 
